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The Reaction Ensemble Monte Carlo~REMC! computer simulation method@W. R. Smith and B.
Třı́ska, J. Chem. Phys.100, 3019 ~1994!# is employed to predict the thermodynamic behavior of
chemically reacting plasmas using a molecular-level model based on the underlying atomic and
ionic interactions. Unlike previous plasma simulation studies, which were restricted to fairly simple
systems of fixed composition, the REMC approach is able to take into account the effects of the
ionization reactions. In the context of the specified molecular model, the computer simulation
approach gives an essentially exact description of the system thermodynamics. We develop and
apply the REMC method for the test case of a helium plasma. We calculate plasma compositions,
molar enthalpies, molar volumes, molar heat capacities, and coefficients of cubic expansion over a
range of temperatures up to 100 000 K and pressures up to 400 MPa. We elucidate the contributions
of the Coulombic forces, ionization-potential lowering, and short-ranged interactions to the
thermodynamic properties. We compare the results with those obtained using macroscopic-level
thermodynamic approximations, including the ideal-gas~IG! and the Debye–Hu¨ckel ~DH!
approaches. For the helium plasma, the short-ranged forces are found to be relatively unimportant,
but we expect these to be important for molecular systems. The DH theory is always more accurate
than the IG approximation. The DH theory yields compositions that slightly underpredict the overall
degree of ionization. For the molar heat capacity and the coefficient of cubic expansion, the DH
theory is accurate at lower pressures, but at 400 MPa yields results that are up to 40% in error for
the molar heat capacity. ©2000 American Institute of Physics.@S0021-9606~00!50236-0#
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I. INTRODUCTION

The plasma state is frequently referred to as the fou
state of matter in the sequence: solid, liquid, gas,plasma.
Plasmas are important in materials processing, includ
melting and refining of metals and alloys, plasma chem
synthesis, and plasma waste destruction. Other importan
plications occur in high-voltage circuit breakers, nuclear
actors, and electrical discharge machines. Temperature
interest in plasmas range up to 100 000 K, and pressure
to 100 MPa or more.1,2

Among the most important properties of a plasma are
composition and its thermodynamic and transport propert
Most plasma models employ as a basic assumption the
dition of local chemical equilibrium. This means that the
electrons, ions, and neutral particles all have the same~ki-
netic! temperature and that reaction chemical equilibrium
been achieved locally.1 Chemical equilibrium at specified
temperatureT and pressureP is attained when the system
4880021-9606/2000/113(12)/4885/11/$17.00
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Gibbs free energy is minimized subject to the mass con
vation, charge neutrality and non-negativity constraints.3

At the macroscopic~thermodynamic! level, specification
of the system Gibbs free energy entails modeling of the s
cies chemical potentials, and its minimization requires
use of a nonlinear optimization algorithm. The chemical p
tential of each species is the sum of an ideal contribution
a nonideal~excess! contribution. Sources of nonideality in
plasmas are the presence of long-ranged Coulombic inte
tions between charged particles, the composition-depen
lowering of the ionization potential, and short-rang
~neutral–neutral and neutral–charged particle! interactions.
Traditionally, only the first two factors have been taken in
account, both using the Debye–Hu¨ckel ~DH! approximate
theory.1 The numerical calculation of plasma compositio
by means of the macroscopic approach remains an ac
area of interest.2,4–6

Molecular-level computer simulation techniques pr
vide, in principle, a computational tool for the essentia
5 © 2000 American Institute of Physics
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exact calculation of macroscopic plasma properties base
only a knowledge of the underlying intermolecular potent
models. Previous simulation methods for plasmas~for a re-
view, see e.g., Hansen7! have been limited in their ability to
realistically model plasma behavior due to their inability
account for the ionization reactions. They focused mainly
the interactions between the charged particles, and stu
were carried out only on relatively simple systems of fix
composition. In addition no comparisons were genera
made with results of approximate theories.

The recently-developed Reaction Ensemble Monte C
~REMC! method, due to Smith and Trˇı́ska,8 is a molecular-
level simulation method for calculating equilibrium comp
sitions and thermodynamic properties of systems underg
an arbitrary number of chemical reactions and consisting
any number of phases. It has been shown to be a useful
for predicting the chemical and phase equilibria of syste
encountered in the chemical processing industry.9–11 Its po-
tential uses and limitations are discussed in the orig
paper.8

The purpose of this paper is to demonstrate the appl
tion of the REMC computer simulation method to predict t
behavior of chemically-reacting plasmas. Such systems
qualitatively different from those typically encountered
the chemical processing industry, due to the presence
ionic forces and high temperatures and pressures. We
velop the required simulation formulation, and consider
helium plasma as a test case. For this system, we asses
accuracy of the classical DH macroscopic model, and a
consider the contributions of different aspects of t
molecular-level model @Coulombic forces, ionization-
potential~IP! lowering, and short-ranged interactions# to the
plasma properties.

In the next two sections of the paper, we describe
details of the REMC methodology for the helium plasm
this is followed by a description of the intermolecular pote
tial models used. The subsequent section describes the
tails of the simulations, followed by a section concerni
results and their discussion. The final section contains
conclusions.

II. REMC SIMULATION METHODOLOGY FOR THE
HELIUM PLASMA

The helium plasma is a reacting mixture involving t
four species: neutral He~1!, ions He1(2), and He11(3), and
electronse2(4), which is governed by the ionization rea
tions

He5He11e2, ~2.1!

He15He111e2. ~2.2!

Thereaction ensemble partition function8 for this system can
be written as
on
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Q~N1 , . . . ,N4 ,P,T!

5(
j1

(
j2

)
i

~Vqi /L i
3!(Ni

0
1( jj jn j i )

~Ni
01( jj jn j i !!

3E exp$2b@U~V,z1 ,...,zN!1PV#%dz1 ,...,dzN ,

~2.3!

whereV is the system volume,qi is the internal part of the
partition function for speciesi ( i 51,2,3,4), andL i is its de
Broglie thermal wavelength.Ni is the number of particles o
speciesi, and$Ni

0% represents an arbitrary particular syste
composition satisfying the mass-balance and char
neutrality constraints.j1 and j2 are reaction extents for re
actions~2.1! and ~2.2!, respectively,n j i are the stoichiom-
eteric coefficients corresponding to these reactio
U(V,z1 ,...,zN) is the configurational energy expressed
terms ofV and the scaled variablesz which lie in ~0,1!, and
b51/(kBT), wherekB is Boltzmann’s constant. The summa
tions are over all~integral! values ofj1 andj2 for which the
particle amountsNi5Ni

01( jj jn j i remain non-negative.
The REMC method generates a Markov chain to sim

late the properties of a system governed by Eq.~2.3!. The
chain consists of three types of state transitions: part
moves, volume changes and reaction moves. The par
moves and volume changes are implemented in the u
way;12 the transition probabilityk→ l for particle moves is

Pkl
D 5min@1,exp~2bDUkl!#, ~2.4!

where DUkl5Ul2Uk is the change in configurational en
ergy. The transition probabilityk→ l for volume changes is

Pkl
V 5minH 1,expF2bDUkl2bP~Vl2Vk!1N ln

Vl

Vk
G J . ~2.5!

The transition probabilityk→ l for reaction movesj for re-
action j is8

Pj ,kl
j 5minH 1,Vn̄ jjG j

j)
i

F ~Ni
0!!

~Ni
01n j i j!!

Gexp~2bDUkl!J ,

~2.6!

wheren̄ j is the net change in the number of moles for rea
tion j, n̄ j5( in j i , andG j is the ideal-gas~IG! driving force
for the reaction,

G j5expF2
( in j i m i

0~T,P0!

RT G S P0

kBTD n̄ j

, ~2.7!

wherem i
0(T,P0) is the molar standard chemical potential

speciesi at the temperatureT and the standard-state pressu
P0 ~taken to be 1 bar!, andR is the universal gas constant

In the particular case of the helium plasma conside
here, for reaction~2.1!, the transition probabilityk→ l for a
forward reaction move (j511) is

P1,kl
11 5minF1,VG1

N1

~N211!~N411!
exp~2bDUkl!G ~2.8!

and the transition probabilityk→ l for a reverse reaction
move (j521) is
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P1,kl
21 5minF1,

1

VG1

N2N4

N111
exp~2bDUkl!G . ~2.9!

The transition probabilities for reaction~2.2! are given by
similar expressions.

Reaction steps for reactions~2.1! and ~2.2! are carried
out as follows:~i! a reaction is selected randomly with equ
probability, and~ii ! for the selected reaction, a forward o
reverse reaction move is attempted according to a pr
probability of 0.5. For a forward move, a reactant particleA
is selected at random, and an attempt is made to simu
neously replace it by a product particleB and to insert a
product particleC at a random position in the system. Sim
larly, for a reverse move, product particlesB andC are cho-
sen at random, and an attempt is made to simultaneo
replace theB particle by a reactant particleA and to delete
the C particle. Equations~2.8! and ~2.9! give the respective
probabilities of success of each type of reaction move.

III. CALCULATION OF m0
„T,P0

… AND THE
INCORPORATION OF IONIZATION-POTENTIAL
LOWERING

The dependence ofm i
0(T,P0) on P0 is usually sup-

pressed, andm i
0(T) may be expressed as

m i
0~T!5hi

0~T!2Tsi
0~T!, ~3.1!

where the molar enthalpyhi
0(T) and the molar entropysi

0(T)
may be expressed as

hi
0~T!5DH f i~Tr !1E

Tr

T

cpi
0 ~T!dT, ~3.2!

si
0~T!5si

0~Tr !1E
Tr

Tcpi
0 ~T!

T
dT. ~3.3!

In Eqs. ~3.2! and ~3.3!, DH f i(Tr) is the enthalpy of forma-
tion of speciesi at the reference temperatureTr ~taken here
as 298.15 K!; si

0(0)[0, andcpi
0 (T) is the IG heat capacity o

speciesi. cpi
0 are obtained by appropriate summations o

the energy levels of speciesi.13 DH f i are determined from IP
data@the enthalpy changes IP1 and IP2 for reactions~2.1! and
~2.2!, respectively, at 0 K# and heat-capacity data; adoptin
the convention thatDH f i(Tr)[0 for He and fore2 gives

DH f ,He1~Tr !5IP11E
0

Tr
@cp,He1

0
~T!

1cp,e2
0

~T!2cp,He
0 ~T!#dT, ~3.4!

DH f ,He11~Tr !5IP11IP21E
0

Tr
@cp,He11

0
~T!

1cp,e2
0

~T!2cp,He1
0

~T!#dT. ~3.5!

In a plasma, the Coulombic interactions lower IPi .1,2,6

The exact calculation of this effect is a complex problem14

The essential difficulty is that the internal and configu
tional parts of the partition function are not independe
Any suitable approximation for this effect may be incorp
rated into the REMC simulation methodology, in princip
l

et

a-

ly

r

-
t.

For the calculations of this paper, we incorporate a typica
used approximation, obtained from the correction of the S
equation15,16

DI z5
ze2NA

4pe0lD
, ~3.6!

wherez is the ionic charge of the product ion,e is the elec-
tronic charge,e0 is the permittivity of free space,NA is
Avogadro’s number, andlD is the Debye length, defined b

lD5S ve0kBT

e2NA( i yizi
2D 1/2

, ~3.7!

wherev is the molar volume andyi is the mole fraction of
speciesi. Equation~3.6! may be used for densities fulfilling
the inequality15

6S lD

a D 3

>1, ~3.8!

wherea is the mean particle spacing,

a5S 3v
4pNA

D 1/3

. ~3.9!

The IP lowering directly affectsDH f(Tr) for the ionic spe-
cies by the lowered IP1 and IP2 values in Eqs.~3.4! and
~3.5!. It also has a secondary effect onhi

0(T), si
0(T), and

m i
0(T) for the ions via its effect on thecpi

0 values, resulting
from the lowering of the upper energy limit~the ionization
limit ! in the partition function summations used in their ca
culation. If we neglect the latter effect, the IP lowering m
be incorporated into a modification of the molar enthalpy
an ionic species of charge1z.2,6,17The molar enthalpy of an
ion A1z, hA1z

0 (T), is modified to

hA1z
0

~T!5h̃A1z
0

~T!2
z~z11!

2

e2NA

4pe0lD
, ~3.10!

whereh̃A1Z
0 (T) is computed from Eq.~3.2!. The final expres-

sion form i
0(T) is obtained by using Eq.~3.10! in conjunction

with Eqs.~3.1!–~3.3!.
Numerical values ofDH f i(298.15),si

0(298.15), and co-
efficients a1–a5 of a piecewise polynomial expression fo
cpi

0 ,

cpi
0 5a1i1~a2i1a3iT!T1S a4i1

a5i

T D 1

T
~3.11!

for the species in the helium plasma are listed in Table
These were obtained by calculations involving the ene
levels18 and least squares fits to the resulting values over
temperature range 298.15 K–100 000 K.6

Since the species chemical potentials are affected, th
lowering also makes a contribution to the system press
given by6,17

PIPL52
e2NA

24pe0vlD
(

zi.0
yizi~zi11!

52
e2NA

24pe0vlD
~2y216y3!. ~3.12!
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TABLE I. The enthalpy of formation,DH f(298.15), and the molar entropy,s0(298.15), and coefficients
a1–a5 of the piecewise polynomial expression over the temperature intervalsTmin–Tmax for the ideal-gas heat
capacitycp

0 , Eq. ~3.11!, for He, He1, He11, ande2.

Component
DH f(298.15)

~kJ mol21!
s0(298.15)

~J mol21 K21!
Tmin.

~K!
Tmax

~K!
a1

~J mol21 K21!
a2

~J mol21 K22!

He 0 126.142 54 298.15 5000 20.788 4821.014 081•1026

5000 13 000 20.048 05 6.002 115•1025

13 000 24 000 69.288 24 22.485 508•1023

24 000 40 000 257.168 55 9.290 289•1024

40 000 100 000 1127.019 21.287 236•1022

He1 2378.521 131.903 99 298.15 5000 20.788 4821.014 081•1026

5000 13 000 23.284 93 22.010 410•1024

13 000 24 000 2177.3043 7.396 548•1023

24 000 40 000 110.2072 22.046 241•1023

40 000 100 000 2766.8953 7.795 158•1023

He11 7635.234 126.022 52 298.15 100 000 20.786 00 0
e2 0 20.979 00 298.15 100 000 20.786 00 0

Component
a3

~J mol21 K23!
a4

~J mol21!
a5

~J K mol21!

He 1.276 923•10210 20.159 432 7•101 3.030 149•102

21.763 19•1029 3.884 011•103 27.384 388•106

4.670 972•1028 24.073 897•105 1.224 357•109

2.101 506•1028 1.121 259•106 21.244 362•109

5.012 162•1028 23.420 083•107 3.245 554•1011

He1 1.276 923•10210 20.159 432 7•101 3.030 149•102

5.854 660•1029 21.330 065•104 2.557 960•107

21.020 674•1027 2.323 517•106 21.007 230•1010

1.739 985•1028 21.719 930•106 1.228 263•1010

22.265 154•1028 3.184 560•107 24.546 818•1011

He11 0 0 0
e2 0 0 0
he
te
d
d

ve

e

nd

is

um
l-6

o-
l-

the

e

IV. INTERMOLECULAR POTENTIAL MODELS

A. Charged particle-charged particle interactions

The typical range of temperatures and pressures
plasma applications is such that the reduced de Broglie t
mal wavelength of electrons is shorter than the mean in
particle distance, and hence, the electrons may be treate
only weakly degenerate.7 The interactions between charge
particles in the helium plasma@He1(2), He11(3), e2(4)]
can then be described by effective pair potentials, as gi
by Deutsch and co-workers19 in the form

uab5
zazbe2

4pe0r F12expS 2
r

Rab
D G1da4db4u44

(s) . ~4.1!

In Eq. ~4.1!, r is the distance between particlesa and b,
Rab

2 5L̄a
21L̄b

2 , whereL̄a andL̄b are the reduced de Brogli
thermal wavelengths of particlesa and b, given by L̄
5\/A2pmkBT, where\ is the reduced Planck constant a
m is the particle mass. Finally,d is the Kronecker delta. The
term u44

(s) accounts for the electron symmetry effect and
given as

u44
(s)5kBT ln 2•expF2

1

p ln 2 S r

R44
D 2G . ~4.2!
in
r-
r-
as

n

B. Neutral particle–neutral particle interactions

The interactions between neutral particles in the heli
plasma @He~1!# were represented by the exponentia
~Exp-6! potential

u11~r !5`, r ,r c

5A exp~2Br !2C6r 26, r>r c , ~4.3!

wherer c is the range of the Exp-6 core, and the Exp-6 c
efficientsA, B, andC6 are defined using the attractive wel
depth«, the range of the exponential repulsionr m and the
stiffness parameter of the exponential repulsionz as

A5e
6

z26
exp~z!, B5

z

r m
, C65«

z

z26
r m

6 . ~4.4!

Numerical values of the Exp-6 potential parameters for
He–He interactions were taken from Ree20 and are listed in
Table II.

TABLE II. Coefficients ofA, B, andC6 , and the range of the potential cor
r c of the Exp-6 potentials for the He–He and He–He1 interactions em-
ployed in the present work.

A B C6 r c

~J! ~m21! ~J m6! ~m!

He–He20 6.161•10217 4.4148•10210 1.878•10279 0.7185•10210

He–He1 6.161•10217 5.2802•10210 0.642•10279 0.6008•10210
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TABLE III. The excess molar internal energyue, molar volumev, mole fractions$yHe ,yHe1 ,yHe11 ,ye2%, and
the number of moles per total molar amount of He,nt , for the helium plasma atP510 MPa from the Reaction
Ensemble Monte Carlo simulations of this work. The simulation uncertainties are given in the last dig
subscripts. The last column gives the left-hand side of Eq.~3.8!.

T
~K!

ue

~kJ mol21!
v

~m3 mol21! yHe yHe1 yHe11 ye2 nt
6SlD

a D3

20 000 23.39188 0.016 6935 0.947711 0.02316 0.00200 0.02726 1.0281 276.28
22 500 25.64197 0.018 6215 0.871911 0.06116 0.00200 0.06506 1.0701 99.82
25 000 210.64239 0.020 4323 0.743616 0.12548 0.00190 0.129118 1.1491 44.82
27 500 218.42221 0.022 1437 0.572526 0.211313 0.00160 0.214613 1.2732 25.41
30 000 225.08213 0.023 8517 0.395818 0.29999 0.00150 0.30289 1.4352 17.98
32 500 230.65171 0.025 7524 0.249117 0.37349 0.00140 0.37619 1.6032 15.25
35 000 232.92182 0.027 6332 0.149514 0.42347 0.00120 0.42597 1.7422 14.68
37 500 233.24184 0.029 8749 0.088311 0.45406 0.00120 0.45656 1.8402 15.25
40 000 232.15138 0.031 8128 0.05355 0.47132 0.00130 0.47393 1.9011 16.39
42 500 230.72100 0.033 9847 0.03334 0.48102 0.00151 0.48422 1.9391 17.96
45 000 229.15118 0.036 2646 0.02163 0.48572 0.00231 0.49041 1.9621 19.78
50 000 228.39151 0.040 5955 0.01012 0.48145 0.00904 0.49952 1.9981 23.38
55 000 230.57294 0.045 4096 0.00522 0.451210 0.03087 0.51284 2.0532 25.80
60 000 235.27415 0.048 2255 0.00301 0.385613 0.07539 0.53614 2.1552 25.40
65 000 241.47417 0.053 43103 0.00181 0.286225 0.141917 0.57019 2.3265 24.00
70 000 244.91363 0.056 3071 0.00120 0.191815 0.205110 0.60195 2.5133 22.81
75 000 245.97455 0.061 2476 0.00090 0.117213 0.25498 0.62704 2.6813 23.10
80 000 243.92257 0.065 3778 0.00090 0.07078 0.28595 0.64253 2.7982 24.34
85 000 243.08203 0.068 43186 0.00080 0.04376 0.30394 0.65162 2.8702 26.12
90 000 241.90252 0.072 8365 0.00080 0.02743 0.31484 0.657010 2.9151 28.62
95 000 239.60207 0.077 0610 0.00080 0.01783 0.32122 0.66021 2.9430 31.46

100 000 236.48208 0.081 73135 0.00070 0.01202 0.32512 0.66221 2.9601 34.68
by
s

s as
C. Neutral particle-charged particle interactions

The He–He1 interactions were also represented
Exp-6 potentials. To obtain the potential parameters, we u
the Universal Force Field approach.21 This first constructs a
ed

hypothetical Exp-6 potential for He1 – He1 interaction as
follows. The potential has the same stiffness parameter
the neutral He atoms, i.e.,zHe15zHe; the BHe1 and C6He1

Exp-6 coefficients are evaluated by scaling theBHe andC6He
its as
TABLE IV. The excess molar internal energyue, molar volumev, mole fractions$yHe ,yHe1 ,yHe11 ,ye2%, and
the number of moles per total molar amount of He,nt , for the helium plasma atP5100 MPa from the Reaction
Ensemble Monte Carlo simulations of this work. The simulation uncertainties are given in the last dig
subscripts. The last column gives the left-hand side of Eq.~3.8!.

T
~K!

ue

~kJ mol21!
v

~m3 mol21! yHe yHe1 yHe11 ye2 nt
6SlD

a D3

20 000 24.58185 0.001 66211 0.97804 0.00782 0.00220 0.01202 1.0120 253.74
22 500 28.2856 0.001 86210 0.94657 0.02363 0.00210 0.02783 1.0290 106.00
25 000 212.66147 0.002 05116 0.885714 0.05417 0.00210 0.05817 1.0621 45.49
27 500 222.29201 0.002 2119 0.789213 0.10267 0.00180 0.10647 1.1191 22.70
30 000 235.14180 0.002 34824 0.663520 0.165610 0.00180 0.169110 1.2041 13.41
32 500 249.93197 0.002 47413 0.527321 0.233910 0.00160 0.237210 1.3112 9.40
35 000 263.80162 0.002 60619 0.400116 0.29778 0.00150 0.30078 1.4302 7.57
37 500 274.87162 0.002 76028 0.294016 0.35098 0.00140 0.35378 1.5472 6.78
40 000 281.22131 0.002 93416 0.212912 0.39156 0.00140 0.39426 1.6512 6.55
42 500 285.22155 0.003 11323 0.154110 0.42085 0.00140 0.42375 1.7352 6.64
45 000 284.82161 0.003 35646 0.112313 0.44146 0.00171 0.44467 1.8012 6.98
50 000 282.67157 0.003 78146 0.06267 0.46414 0.00312 0.47024 1.8881 7.94
55 000 280.43225 0.004 22284 0.03747 0.46966 0.00784 0.48524 1.9432 9.11
60 000 281.07246 0.004 60632 0.02393 0.45967 0.01895 0.49763 1.9901 10.11
65 000 289.69495 0.005 02127 0.01572 0.430014 0.04149 0.51295 2.0562 10.71
70 000 296.55477 0.005 38454 0.01032 0.382116 0.075211 0.53246 2.1384 10.80
75 000 2109.964 0.005 939139 0.006519 0.315424 0.120917 0.55729 2.2605 10.67
80 000 2114.261 0.006 24810 0.00421 0.249520 0.165614 0.58077 2.3854 10.44
85 000 2121.057 0.006 522105 0.00271 0.190413 0.20559 0.60145 2.5093 10.39
90 000 2118.752 0.007 092127 0.00180 0.139213 0.239910 0.61915 2.6263 10.75
95 000 2123.248 0.007 46799 0.00140 0.102711 0.26448 0.63154 2.7153 11.23

100 000 2116.542 0.007 79958 0.00110 0.07715 0.28164 0.64022 2.7791 11.87
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TABLE V. The excess molar internal energyue, molar volumev, mole fractions$yHe ,yHe1 ,yHe11 ,ye2%, and
the number of moles per total molar amount of He,nt , for the helium plasma atP5400 MPa from the Reaction
Ensemble Monte Carlo simulations of this work. The simulation uncertainties are given in the last dig
subscripts. The last column gives the left-hand side of Eq.~3.8!.

T
~K!

ue

~kJ mol21!
v

~m3 mol21! yHe yHe1 yHe11 ye2 nt
6SlD

a D3

20 000 27.0447 0.000 417 620 0.98394 0.00492 0.00210 0.00912 1.0090 183.50
22 500 29.4494 0.000 467 219 0.964110 0.01485 0.00210 0.01905 1.0191 89.57
25 000 214.52107 0.000 514 352 0.920713 0.03666 0.00200 0.04076 1.0431 38.30
27 500 224.92197 0.000 549 928 0.845217 0.07458 0.00190 0.07848 1.0851 17.70
30 000 245.08216 0.000 574 849 0.737422 0.128511 0.00190 0.132211 1.1531 9.54
32 500 270.98155 0.000 592 823 0.611419 0.191710 0.00180 0.195110 1.2431 6.14
35 000 298.41180 0.000 609 125 0.488818 0.25329 0.00161 0.25649 1.3452 4.64
37 500 2121.115 0.000 629 724 0.384621 0.305410 0.00150 0.308510 1.4462 3.97
40 000 2137.719 0.000 659 025 0.302017 0.34678 0.00150 0.34988 1.5382 3.71
42 500 2147.517 0.000 696 925 0.238614 0.37827 0.00170 0.38157 1.6172 3.67
45 000 2152.218 0.000 750 692 0.190016 0.40228 0.00190 0.40598 1.6842 3.78
50 000 2154.415 0.000 844 741 0.12498 0.43294 0.00311 0.43914 1.7831 4.16
55 000 2151.929 0.000 954 66 0.08537 0.44766 0.00654 0.46065 1.8543 4.70
60 000 2152.023 0.001 0604 0.06034 0.44976 0.01344 0.47663 1.9111 5.25
65 000 2156.730 0.001 1625 0.04364 0.43958 0.02586 0.49114 1.9652 5.72
70 000 2164.549 0.001 2655 0.03193 0.416611 0.04508 0.50655 2.0272 6.05
75 000 2177.156 0.001 3535 0.02333 0.381014 0.07169 0.52415 2.1022 6.18
80 000 2188.561 0.001 44923 0.01703 0.337016 0.103012 0.54307 2.1893 6.24
85 000 2204.475 0.001 53910 0.01182 0.286115 0.138711 0.56346 2.2913 6.22
90 000 2211.560 0.001 6277 0.00831 0.238813 0.17149 0.58155 2.3893 6.27
95 000 2213.350 0.001 76333 0.00572 0.195018 0.201413 0.59797 2.4874 6.47

100 000 2216.959 0.001 83814 0.00401 0.159011 0.22607 0.61104 2.5703 6.66
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Exp-6 coefficients by the polarizabilities,aHe andaHe1 , and
by the ionization potentials, IP1 and IP2 , using

BHe15BHeS IP2

IP1
D 1/2

, C6He15C6He

IP2aHe1
2

IP1aHe
2

. ~4.5!

In Eq. ~4.5!, aHe50.204 956 Å3, aHe150.041 85 Å3, IP1

524.587 41 eV, and IP2554.417 78 eV.22 The final step is to
calculate Exp-6 potential parameters for the He–He1 inter-
action using the Lorentz–Berthelot rule12 for combining the
He–He potential and the hypothetical He1–He1 potential
described above. Numerical values of the Exp-6 poten
parameters for the resulting He–He1 intermolecular poten-
tial are listed in Table II.

The He11 particles are essentially helium nuclei an
their diameters are approximately 1024 times of the atomic
diameters.1 Hence, we considered the He11 particles to be
charged point masses that do not interact with the neu
particles. For the He–He11 and He-e2 interactions, we in-
corporated a temperature-dependent hard-core exclu
The diameter of the He core was determined from the Ex
potential, representing the He–He interactions by mean
the hybrid Barker–Henderson expression23

s~T!5r c1E
r c

r mH 12expF2
u11~r !1«

kBT G J dr. ~4.6!

V. COMPUTATIONAL DETAILS

In the REMC simulations, we used between 500 a
1400 particles in a cubic simulation box, the minimum ima
convention, periodic boundary conditions, and cutoff rad
equal to half the box length. The Exp-6 long-range corr
al

al

n.
6
of

d
e
s
-

tion for the configurational energy was included,12 assuming
that the radial distribution function is unity beyond the cuto
radius. We treated the long-range interactions in the Deu
potential by the reaction-field method24 with the reaction-
field dielectric constant set to infinity. The REMC simul
tions were organized in cycles as follows. Each cycle c
sisted of three steps:nD particle moves,nV volume moves,
andnj forward and reverse reaction moves. The three ty
of moves were selected at random with fixed probabiliti

chosen so that the rationD :nV :nj in the cycle wasN̄:1:N̄,

where N̄ was about 10 to 20% greater than the maximu
number of particles during a simulation run. Acceptance
tios for particles moves and for volume changes were
justed to approximately 30%.

We incorporated the IP lowering into our simulation
using an iterative approach as follows. We first employed
initial simulation period, which was divided into sever
blocks, typically 500 cycles for equilibration and 2000 cycl
for the accumulation of ensemble averages. In the first blo
the REMC simulation was performed without IP lowerin
After each block was completed, the composition$Ni% and
volumeV were used to calculate the effect of the IP loweri
on G1 and G2 , and the pressure was set toP2PIPL, with
PIPL given by Eq.~3.12! for a simulation in the subsequen
block. The initial simulation period was terminated when t
changes inG1 , G2 , andPIPL between two subsequent block
were less than 1%; this typically occurred after three bloc
After this initial period, we generated 23104 cycles to ac-
cumulate averages of the desired quantities. The precis
of the simulated data were obtained using block averag
with 500 cycles per block. In addition to ensemble avera
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of the quantities of direct interest, we also monitored conv
gence profiles of the thermodynamic quantities, in order
keep the development of the system under control.25

Other and potentially more efficient strategies are p
sible for incorporating the IP lowering. For example, it c
be directly incorporated into the reaction transition probab
ties of Eqs.~2.8! and~2.9!, using either instantaneous valu
of lD in Eq. ~3.6! or using values obtained from runnin
averages of$Ni% andV. However, these approaches, in co
trast to the iterative approach we employed, do not sat
the condition of microscopic reversibility. Nevertheless,
observed that the REMC simulations using all approac
gave essentially identical numerical results.

For the IG and DH calculations, we numerically solv
the equilibrium conditions.2,6,17

VI. RESULTS AND DISCUSSION

We performed REMC simulations at three pressuresP
5$10,100,400% MPa, and for temperatures ranging fro
20 000 K to 100 000 K with temperature steps of 2500 K a
5000 K. Our REMC simulation results are summarized
Tables III–V. The last columns of these tables show that
inequality of Eq.~3.8! is satisfied, justifying our use of the IP
lowering given by Eq.~3.6!. Figures 1–5 show, respectively
comparisons of the simulated compositions, molar enth
ies, molar volumes, molar heat capacities, and coefficient
cubic expansion with values obtained using the IG and
DH approximations.

The subfigures of Fig. 1 show similar trends, which a
most marked at the highest pressure. The IG approxima
predicts compositions that indicate lower overall ionizati
than either the DH or the simulation values. The DH a
proximation slightly underpredicts the extent of ionizatio
but generally agrees very well with the simulation resu
even at the highest pressure.

In Fig. 2, we compare the molar enthalpy,h, evaluated
from the simulation data with those obtained using the
and the DH approaches. The simulation molar enthalpy
computed as the sum of the ideal part,h0, and the excess
part,he,

h5h01he, ~6.1!

where

h05(
i

yihi
0, ~6.2!

he5ue1hIPL1Pv2RT. ~6.3!

hi
0 is given by Eq.~3.2!, ue is the molar excess interna

energy, calculated directly in the simulations, and6,17

hIPL52
e2NA

6pe0lD
(

zi.0
yizi~zi11!52

e2NA

6pe0lD
~2y216y3!.

~6.4!

Figure 2 shows that the approximate results agree well w
the simulation values at the lowest pressures, and the
accuracy deteriorates slightly at 100 MPa. At 400 MPa,
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IG
e

IG approximation is poor, and the DH results are on
slightly inaccurate. In all cases, the DH results lie interm
diate to the IG and the simulation results.

The molar volumes of Fig. 3 show similar trends to t
molar enthalpy results, but the differences are sligh
greater.

The temperature derivatives of the molar enthalpy a
the molar volume may be calculated essentially exac
within the IG and the DH approximations.2,6,17The former is
the molar heat capacity

cp5
1

nt
F]~nth!

]T G
P,eq

~6.5!

and the latter is the coefficient of cubic expansion

b5F] ln~ntv !

]T G
P,eq

, ~6.6!

wherent is the total number of moles. We calculatedcp and
b from the simulation results by numerical differentiatio
performed with aid of the TableCurve™ 2D softwa

FIG. 1. Equilibrium composition of the helium plasma at~a! P510 MPa,
~b! P5100 MPa and~c! P5400 MPa, over the temperature range 20 0
K–100 000 K. Filled symbols denote the Reaction Ensemble Monte C
simulation results of this work, and dotted and solid curves correspon
the results obtained using the ideal-gas and Debye–Hu¨ckel approximations,
respectively.
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package.26 To check the accuracy of this approach, we p
formed the same calculations using the DH enthalpies
volumes at the simulated temperatures, and compared t
with exact analytical calculations. We found that thecp and
b values obtained in this way agreed with the exactcp andb
values to within 1%.

Comparisons ofcp andb obtained by numerical differ-
entiation of the simulation data withcp andb obtained from
the IG and DH approaches are plotted in Figs. 4 and 5,
spectively. Sincecp and b are derivatives of the curves o
Figs. 2 and 3, the differences among the results are gre
especially at the higher pressures. In all cases, it continue
hold that the DH results lie intermediate between the IG a
the simulation results. The discrepancies for thecp results
are greater than those forb; at 400 MPa, the DH results ar
in error by up to 40%.

We evaluated the effect of the short-ranged interacti
in our plasma model as described in Sec. IV by perform
REMC simulations using a model with these interactio
switched off. This corresponds exactly to the underlying

FIG. 2. Molar enthalpy of the helium plasma at~a! P510 MPa, ~b! P
5100 MPa, and~c! P5400 MPa, over the temperature range 20 0
K–100 000 K. Filled symbols denote the Reaction Ensemble Monte C
simulation results of this work, and dotted and solid curves correspon
the results obtained using the ideal-gas and Debye–Hu¨ckel approximations,
respectively.
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termolecular potential model used by the classical DH m
roscopic model. We found that the effect is nearly negligib
~within the range of the simulation statistical uncertaintie!.
However, we expect that the effect of the short-ranged in
actions on the plasma properties will be important at hig
densities and for plasmas containing molecular species.

We evaluated the effects of IP lowering by calculati
the contributions to the pressure and to the molar entha
for our simulation results due separately to IP lowering a
to the Coulombic forces. The IP-lowering contributions a
given by Eqs.~3.12! and ~6.4!; the Coulombic contribution
to the pressure is

PCoul5P2
RT

v
2PIPL ~6.7!

and the Coulombic contribution to the molar enthalpy is

hCoul5he2hIPL. ~6.8!

Figure 6 shows the contributions of the IP lowering a
of the Coulombic forces to the pressure and to the mo

lo
to

FIG. 3. Molar volume of the helium plasma at~a! P510 MPa, ~b! P
5100 MPa, and~c! P5400 MPa, over the temperature range 20 0
K–100 000 K. Filled symbols denote the Reaction Ensemble Monte C
simulation results of this work, and dotted and solid curves correspon
the results obtained using the ideal-gas and Debye–Hu¨ckel approximations,
respectively.
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enthalpy at the highest pressure considered. At low temp
tures, where there is only a small degree of ionization,
DH results are similar to the simulation results. Figure 6~a!
shows that the DH results agree reasonably well with
simulation results for the contribution to the pressure due
IP lowering, and the DH results are less accurate for
contribution due to the Coulombic forces. For the molar e
thalpy @Fig. 6~b!#, the discrepancies are similar for the co
tributions due to both sources.

The IP-lowering contributions for the DH and the sim
lation approaches both arise from the same source,
~3.10!. Differences in these results arise only from diffe
ences in the compositions obtained using each approac
order to more clearly indicate the accuracy of the DH the
with respect to its treatment of Coulombic forces, we sh
in Fig. 7 calculations atP5400 MPa that exclude IP lower
ing ~and also the short-ranged interactions!. These results
indicate only the effects of the Coulombic forces. It is se
that the DH theory underestimates the magnitude of the C
lombic contributions to both the pressure and to the mo

FIG. 4. Molar heat capacity of the helium plasma at~a! P510 MPa,~b!
P5100 MPa, and~c! P5400 MPa, over the temperature range 20 0
K–100 000 K. Filled symbols denote the Reaction Ensemble Monte C
simulation results of this work, and dotted and solid curves correspon
the results obtained using the ideal-gas and Debye–Hu¨ckel approximations,
respectively.
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enthalpy. The magnitude of the DH values are'50% of the
correct values.

VII. CONCLUSIONS

We have formulated the Reaction Ensemble Mo
Carlo computer simulation approach for predicting the th
modynamic properties of chemically-reacting plasmas ba
on a molecular-level model for the species interactions,
applied the method to the helium plasma as an example.
compared the essentially exact simulation results with th
obtained from the ideal-gas~IG! and the Debye–Hu¨ckel
~DH! approximations. We calculated plasma compositio
molar enthalpies, molar volumes, molar heat capacities
coefficients of cubic expansion. We also evaluated the c
tributions of different aspects of the model to the calcula
thermodynamic properties.

At lower pressures, we generally found the DH theory
be quite accurate, and its accuracy to deteriorate with
creasing pressure. We also found the IG approximation to

lo
to

FIG. 5. Coefficient of cubic expansion of the helium plasma at~a! P510
MPa, ~b! P5100 MPa, and~c! P5400 MPa, over the temperature rang
20 000 K–100 000 K. Filled symbols denote the Reaction Ensemble Mo
Carlo simulation results of this work, and dotted and solid curves co
spond to the results obtained using the ideal-gas and Debye–Hu¨ckel ap-
proximations, respectively.
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quite good at the lower pressures, but its accuracy is less
the DH theory and also deteriorates with increasing press
In general, the DH and IG approximations both underpred
the degree of ionization of the helium plasma. For the pr
erties studied, the approximations are least accurate for
molar heat capacity and the coefficient of cubic expans
The DH theory gives values of the former that are in error
up to 40% at 400 MPa.

We found that the short-ranged forces are relatively
important for the helium plasmas studied; however, we
pect that these will be important at higher densities and
systems containing molecular species. By means of the s
lation approach, we are able to assess the accuracy of the
theory with respect to its treatment of the contribution of t
Coulombic forces to the thermodynamic properties. For
total system pressure and the molar enthalpy, it undere
mates the contribution by up to 50% at pressure of 400 M
for large values of temperature.

FIG. 6. Contributions of ionization-potential~IP! lowering and of the Cou-
lombic forces for the helium plasma atP5400 Mpa, over the temperatur
range 20 000 K–100 000 K.~a! Contributions to the total pressure and~b!
contributions to the molar enthalpy. Open and filled circles denote the
action Ensemble Monte Carlo simulation results of this work for the
lowering and Coulombic contributions, respectively. The solid curve co
sponds to the Debye–Hu¨ckel approximation for both the IP-lowering an
the Coulombic contributions~which are identical in the case of the helium
plasma!.
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